The focus of this paper is the generation of high Earth orbit (HEO) Coulomb force structures. These structures are characterized by a set of charge carrying nodes, but no interconnecting struts. By correctly setting the node charges, the inter-node Coulomb forces create a static, crystal-like structure. The uniqueness of the work is the examination of how to form specified shape structures using a subset of all available nodes. In addition, the plasma shielding effect is considered explicitly. An equilateral triangle structure example is given to illustrate the approach where 5 nodes are used in the structure, 3 of which used to satisfy the equilateral triangle shape goal. The example also illustrates that practical Coulomb structures should have inter-node separation distances in the 10s of meters range or less.
I. Introduction
Coulomb force structures are a relatively new concept consisting of several electrostatically chargeable nodes with no interconnecting struts. Instead, the node charges are carefully controlled so that the net structure is held together solely by the Coulomb forces generated between all the nodes. This 'virtual structure' can also be considered as a free-flying, constant-shape formation of several spacecraft. Advantages of Coulomb force virtual structures include low mass, low propellant usage, reconfigurability, and self-assembly. Large virtual structures on the order or 20-100 meters are envisioned where controlled electrostatic force fields are used to bond the individual craft into a single structure. By changing control laws, it will be possible to increase or decrease the stiffness or flexibility of sub-components, or even change the size and shape of the overall structure. This will allow for highly reconfigurable structures which can adapt to changing mission needs. Disadvantages also exist including control system complexity, restriction to high Earth orbits (HEO) and deep space missions due to charge shielding at lower orbits, and ensuring that the charged nodes are electrically isolated to minimize differential charge effects.
The earliest work in this area examined symmetric structures where one node had a conventional propulsion system. 4, [8] [9] [10] This allowed the other nodes to react against a body that was maintaining a constant orbit. The report in Reference 10, using data from the SCATHA 11 and ATS 6 missions, showed that 10µN -1000µN level forces could be generated between nodes. In addition, charging times were estimated to be in the millesecond range, and the Coulomb 'thrust' propulsion system power consumption was lower than for conventional propulsion methods. More recent work has examined the necessary conditions for static equilibrium where all nodes are held together by Coulomb forces alone. 12, 13 Multiple node, free-flying structures were considered in detail for 2 and 3 node cases.
1 This was followed by consideration of larger structures using a genetic algorithm optimization strategy to find static shapes for up to 9 nodes 2 where the plasma shielding effect, characterized by the Debye length, was considered negligible.
The remainder of this paper's content is as follows. The Coulomb structure's orbital dynamic and static equilibrium equations are given in Section II, in addition to a convenient normalized form suitable for charge calculation independent of several physical parameters. Section III illustrates the optimization approach used for computing node charges, with an example provided in Section IV. A few concluding remarks are given in Section V.
II. Normalized Virtual Structure Model
Before examining the virtual structure equilibrium charge equations, the Coulomb charge, voltage and force relationships should be discussed. It's well known that Coulomb forces exist between charged bodies. Considering the two charged spheres of Figure 1 the Coulomb force magnitude acting on body 1, directed along the line between the spheres, is
where k c is Coulomb's constant (8.99 × 10 Coulomb forces between two spheres.
An important deviation from the ideal Coulomb force model of Eq. 1 occurs when considering charged bodies in a plasmarich environment, as found in space. In short, the plasma shields the Coulomb force effect exponentially with the separation distance as shown in Eq. 2. The exponential decay of the Coulomb force is characterized by the Debye length, λ d , which varies with plasma characteristics. 3 In general, the Debye length is small at LEO and large at HEO (roughly 10 cm and 100 m respectively).
When nodes are more than 2 Debye length apart, then their Coulomb force interaction becomes negligible for realistic charge scenarios. This generally negative feature is not without potential applications. Debye shielding decoupling between subsets of the structure may simplify eventual control design. Finally, it should be noted that the charges can be converted to voltages for the ith node, which may give more practical insight, according to
where r n is the node radius and the nodes are assumed to be spherical. Next, Hill's equations 7 (also known as the Clohessy-Wiltshire equations, 5 ) are used to generate the static equilibrium equations for the Coulomb virtual structure. The standard equations are in terms of several physical parameters (separation distances, charges, node radii, etc.). A normalized form of the Coulomb structure equations is created to reduce the number of parameters, thus allowing families of solutions to be created from a single normalized equation solution.
Consider N virtual structure nodes such that their center of mass is in a circular orbit about the Earth, such as the 3-node example of Figure 2 . The Hill coordinate frame has its origin at the structure's center of mass with theî unit vector pointing radially outward from the center of the Earth. Theĵ axis is in the direction of the center of mass velocity vector. Each node, numbered 1 through N , is assumed to be a homogeneously charged sphere. In general, the ith node has its own charge, q i , and a relative position vector from the origin of the Hill frame to the center of the node, denoted p i . Each position vector has elements x i , y i and z i .
Setting the speed and acceleration terms in Hill's equations to zero, and applying the Coulomb forces to the right side, yields the Coulomb structure equilibrium equations
where n is the Hill frame angular velocity, and m is the mass of a node where all nodes are assumed to have the same size and mass.
Earth Figure 2 . Three virtual structure nodes orbiting the Earth illustrating the notation used in the model development.
To start the nondimensionalization process, divide both sides of Eq. 4 by n 2 and rearrange
where Eq. 3 has been used to convert the inputs from charges to voltages. Next, define nondimensional position coordinates as
where M is the number of Debye lengths, and defines the characteristic length used for nondimensionalization. For example, to nondimensionalize using 1.5 Debye lengths, let M = 1.5. Applying this to Eq. 5 yields the final set of nondimensional, static equilibrium, Coulomb structure equations of Eq. 7.
Finding a charge/position set (i.e.p i ,Ṽ i , i = 1 . . . N ) that satisfies Eq. 7 for a specified Debye length fraction (M ) yields a family of Coulomb force structures for any altitude (or circular orbit speed n), node radius (r n ), node mass (m) and plasma Debye length (λ d ). The Hill frame angular velocity, n, can be found from circular orbit analysis
where µ is the standard gravitational parameter for Earth (µ ≈ 3.986 × 10 14 m 3 s 2 ) and r is the circular orbit radius. Although n can be readily computed from Eq. 9, Table 1 75-575 Table 1 . Speed information as a function of circular orbit altitude.
III. Node Charge Calculation
In general, a desired Coulomb structure shape cannot be realized with the minimum number of nodes needed to create a conventional truss structure. For example, to create a box in a circular orbit with one plane always orthogonal to the Earth radial direction, a minimum of 8 nodes is required for a conventional structure. If in addition its principal inertia axes are orientated with its Hill frame axes, it will maintain this orientation during its orbit (neglecting perturbations due to aerodynamic forces, J 2 gravitational effects, solar radiation, etc.). Due to the force interaction between all the nodes of a Coulomb force structure, in general, it is not possible to form a structure with the minimum number of nodes. Additional nodes are required to ensure that static equilibrium is achieved when simultaneously considering the Coulomb and gravitational forces.
The approach described below assumes that a fixed number of node assets are available for creating the structure that is larger than the minimum number needed to create a conventional structure. An optimization process is then used to compute the charge/position set for all the nodes that solves Eq. 7 while ensuring that the shape is attained by the minimum number of nodes needed to form the conventional strucuture. It should be noted that an analytical method for determining the minimum number of Coulomb nodes given a specified shape does not exist as yet.
The use of an optimization code to select design parameters, in this case node charges and locations, is nothing new. The interesting aspect of the implementation is the cost function where shape and equilibrium equation constraints are imposed as penalty terms. The cost function used in this study, and that gives reliable convergence to a solution when using a gradient based optimization scheme, is shown in Eq. 10
where w 1 and w 2 are weighting coefficients that shift emphasis between the three main terms of J. The R i are the residuals corresponding to inexact solution to Eq. 7 and are given bỹ
The positive, scalar function S is zero only when the desired shape is attained. It is in general a function of the relative position vectors, and a set of shape defining parameters contained in L p . I xy , I xz , and I yz are the products of inertia of the structure, and are a function of thep i . The first term of Eq. 10 penalizes any configuration that does not satisfy the fundamental Coulomb structure, static equilibrium equations, while ensuring that charge is shared amongst the participating nodes. The second term focuses on creation of the desired shape. The third term favors alignment of the structure's principal axes with the Hill frame. This promotes the satisfaction of Eq. 7 since these are necessary conditions for static equilibrium. Although the Debye length shielding is considered in the residuals, its effect is usually relatively small as long as the distances between craft are within 1 Debye length. The center of mass constraint,p cm = 0 is enforced directly through the selection of free optimization parameters. Rather arbitrarily, the N th node's position vector,p N is not allowed to be free, but is instead computed to enforce the constraint. In general the optimization problem can be stated as: find the 4N − 3  parameters (p i , i = 1 . . . N − 1 andṼ i , i = 1 . . . N ) such that Eq. 10 is minimized.
IV. Example
The shape goal is to create a structure that when projected onto the y − z Hill frame, forms an equilateral triangle. It should be noted that the nodes of the equilateral triangle need not lie in this plane, but as viewed from Earth, one would see the desired equilateral triangle shape. The minimum number of nodes is 3, with the total number of node assets chosen as N = 5. Since the center of mass constraint is satisfied directly, there are 17 free parameters -the position vectors of nodes 1-4 and the voltages of all 5 nodes.
The cost function, with the shape goal function S specified is given in Eq. 12
whereL p is the normalized equilateral side length. The penalty function weights, w 1 and w 2 were both chosen as 10.0 throughout the remainder of the example.
The solution for M = 1 andL p = 0.5 is used to illustrate a typical solved structure shape. The nondimensional node charges are shown in Table 2 . Table 2 . Nondimensional node voltages for a 5 node structure, with M = 1 and the nondimensional, equilateral triangle separation distace ofLp = 0.5.
A view from Earth and a perspective view are given in Figure 3 and Figure 4 . The color bar is the nondimensional voltage magnitude as a percent of the maximum normalized voltage,Ṽ max = 1.6398. Since the nondimensional separation distance was set to 0.5 and M = 1, the actual equilateral triangle separation distance (between craft 1,2,3) in meters is
Thus, a family of solutions has been created for any altitude dependent Debye length where at higher altitudes the triangle side length becomes larger. Charge/shape solutions were obtained for several values of M . Table 3 shows the results of converting nondimensional, maximum node voltages back to true voltages for a variety of altitudes, Debye lengths, and equilateral triangle separation distances. This illustrates that to obtain 'reasonable' equilateral node separation distances, the structure should exploit the large Debye lengths at GEO. If node voltages must stay in the 10,000 volt range, then equilateral separation distances of about 10 meters are feasible. Figure 5 shows that node voltage requirements increase faster, with increasing equilateral separation distance ratio, when the Debye length is larger. This is because the inverse square separation distance voltage effect is quite significant at large absolute node separation distances such as occur in the upper right quadrant (HEO structures with large node separation, 100-200 m). The lower right quadrant (HEO structures with small separation, 10 m) require relatively small voltages compared to what is possible with very little power consumption. . Maximum node voltages needed to maintain craft 1,2,3 in an equilateral triangle. The color bar is on a log scale, therefore 2.5 corresponds to 10 2.5 volts and 6.5 corresponds to 10 6.5 volts.
